Detailed calculations are presented for the radiative cooling of a hot (10 4 o K ::::; T::::; 10 6 o K) interstellar gas. Below 10 6 o K such a gas is not in ionization equilibrium because it is cooling faster than it is recombining. The gas is more ionized at a particular temperature and emits harder radiation than a gas in equilibrium at the same temperature. Optical forbidden lines, particularly the [0 n], [0 III] lines, are much stronger than the hydrogen Balmer lines. Hydrogen lines, if observable, would show a Balmer decrement not very different from that of a radiatively excited nebula. Results are presented in three cases: the first two have initial conditions determined when a 40-or 100-eV photon burst suddenly ionizes the gas, corresponding to a "fossil Stromgren sphere" suddenly formed by an ultraviolet or soft X-ray supernova burst. In the third case the gas is cooling from steady-state ionic abundances at 10 6 o K (e.g., a supernova shell that has reached the late radiative-cooling stage).
I. INTRODUCTION
Various workers (Cox and Tucker 1969; Allen and Dupree 1969; House 1964; Tucker and Gould 1966) have calculated the ionization equilibria for elements in a low-density cosmic gas. In all the above calculations it is assumed that electron recombinations balance collisional ionizations by thermal electrons, so that the ionic abundances are a function of the eleciron temperature alone. If Z denotes the nuclear charge and z the charge of one of its ions (z :::; Z), then the ion number densities can be found from the relations nz,z-1 = ctz.zCT) nz,z Cz,z-l(T) 
where az.zCT) denotes the total recombination coefficient of element Z of ionic stage z recombining to stage z -1 ai temperature T, while Cz,z-1 (T) denotes the collisional ionization coefficient of element Z of ionic stage z -1 ionized to the next stage z at temperature T. The parameters entering equation (1) were reviewed by Cox and Tucker (1969) . The results of Cox and Tucker are expected to be more accurate because they use improved coefficients. Once the ionic abundances are determined, the radiative cooling rate, denoted by A(T), can be calculated by summing over all radiative processes: bremsstrahlung, recombination' radiation, and line emission resulting from electron impact excitation. A(T) has been calculated by Cox and Tucker (1969) in the range 10 4 0 -10 8 o K, and by Tucker and Koren (1971) in the range 10 6 0 -10 8 o K.
Equations (1) (for steady-state, denoted hereafter as SS) imply that transient effects are not important. This is justified if recombinations and ionizations take the gas to the SS condition before cooling can appreciably lower the temperature. But when one compares the various relevant time scales, one finds that the cooling time is comparable or short compared to the relevant recombination times for T ~ 10 6 o K; it follows that the SS assumption is not good if the gas is cooling radiatively below 10 6 o K.
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On the other hand, even above 10 6 o K if the gas cools by some other means (e.g., loss of heat by expansion or by conduction), the cooling time may be comparable to or shorter than the ionization and recombination times, and SS may not hold (see Kafatos and Tucker 1972) .
In the work of Cox and Tucker (1969) and Tucker and Gould (1966) , the gas was assumed to be optically thin to all radiation. This point is examined below.
The time-dependent radiative cooling is treated here as generally as possible, although certain effects (e.g., recombination radiation) are ignored. Exact results depend on atomic parameters, some of which are not well known. Time-dependent radiative cooling below 10 4 o K has been treated by Jura and Dalgarno (1972) , Schwarz (1972) , and Gerola, Iglesias, and Gamba (1973) . In that temperature range hydrogen is not thermally ionized and the cooling is fundamentally different from the cooling occurring above 10 4 o K.
-Results for three cases are presented here. i) A cosmic gas initially at 10 6 o K and with initial ionic abundances given by SS (this is denoted hereafter as SS, 10 6 o K); this case corresponds to a hot gas that has reached the radiative cooling stage, e.g., a supernova shell.
ii) A cosmic gas initially at 3.3 x 10 5 o K and the following relative ionic abundances: H+ = 1, He++ = 1, C+ 4 = 1, Q+ 4 = 1, Ne+ 4 = 1. Such initial conditions are expected if the gas is suddenly ionized by a 100-eV soft X-ray supernova burst 1 (Schwarz 1972). We refer to this case as 100 eV. iii) A cosmic gas initially at 10 5 o K and with the following relative ionic abundances: H+ 1 = 1, He+ = 1, C+ 2 = 1, Q+ 2 = 1, Ne+ = 1. Such initial conditions are expected if the gas is suddenly ionized by a 40-eV ultraviolet supernova burst (Morrison and Sartori 1969; Kafatos and Morrison 1971; . We refer to this case as 40 e V. All results are given for n 0 = 1 em -a, where n 0 is the sum of the densities of the hydrogen and helium nuclei; n 0 is constant (isochoric case) if the cooling time Tf(dTfdt) is short compared to the hydrodynamic time tv "' 2R/V8 , where V8 is the sound velocity and R the radius of the cooling region. This is certainly true if the radius is larger than a fraction of a parsec for the temperature range considered in the present paper. The "fossil Stromgren spheres" (Brandt eta!. 1971) , denoted by FSS, examined here have rad~i _in the neighborhood of 100pc. Therefore, ~0 is taken to be constant; for other densities note that the transformation n 0 ' = N1 0 , t = A -1 t, where t is the time, holds.
II. EQUATIONS
The time-dependent treatment replaces equations (1) by the set of equations
where n is the total number density n = na + naeo + nae + + nae + + + ne and na is the total hydrogen number density. In this work the following ions were included: H+, He 0 , He+, He++, C 0 -C+ 6 , Q 0 -0+ 7 , Ne 0 -Ne+ 8 , resulting in a total of 28 equations. Nitrogen can be ignored {because of its low cosmic abundance). It is assumed in equations (2) that the only ionizing agent is collisions with thermal electrons, and that the ions recombine via pielectronic and radiative transitions. The collisional ionization rate coefficient Cz,z is calculated from the approximation of Cox and Tucker (1969) to the Lotz (1967) values. The recombination coefficient az,z is the sum of the radiative coefficient az,z R and the dielectronic recombination coefficient az,zv· Cox and Tucker (1969) calculated the radiative recombination coefficient az,zR· Their results can be written in the form (3) where a 2 R is the hydro genic formula of Seaton (1959) (cf. Tarter 1971) , and the results sensitively depend on the values of the radiative recombination coefficients used.
The dielectronic recombination coefficient az,zv was calculated from the formula of Burgess (1965) , using the values of the oscillator strength and the energy of transition given by Wiese, Smith, and Glennon (1966) .
Finally the following particle-conservation equations hold:
where a is the ratio of the abundance of helium to hydrogen taken to be 0.16 and n 0 is the constant sum of the densities of the hydrogen and helium nuclei (isochoric case). In equations ( 4) the contribution of the heavy ions to the electron density is ignored.
b) The Question of Optical Thickness We must consider how photoionization by line and continuum affect the ionization balance. We consider hot, fully ionized regions of characteristic size R. These regions are cooling radiatively and are formed in a photoionizing supernova burst (a fossil Stromgren sphere). The size R is "'100 pc (40-eV case) and "'50 pc (100-eV case) for a total number of ionizing photons 10 62 and n 0 = 1 em-3 • In the case of the heavy elements (other than H, He) the optical depth is less than unity for both continuum and resonance radiation even at line center.
In the case of hydrogen the mean free path of the Lyman continuum radiation is likely to be much smaller than R when appreciable amounts of neutral hydrogen exist. In order to account for the photoionization of hydrogen by recombination continuum we ignore recombinations to the ground state and use onlya< 2 > (Spitzer 1968) . However, we find a posteriori that a 50-100 pc region becomes optically thin to the Lyman
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Vol. 182 continuum for T d: 35,000° K. Therefore, we use the approximation of using a< 2 > for T < 35,000° K (cases A and B, respectively, of Menzel 1937). Line and continuum radiation from helium (Jura and Dalgarno 1972) can photoionize hydrogen and hence reduce the effective recombination of hydrogen. This effect, however, is less than 20 percent of that due to direct hydrogen recombination forT> 15,000° K and was ignored here.
On the other hand, these processes cannot be ignored in the ionization balance of helium, since they contribute terms of the same order of magnitude as those already included in equations (2) for T ~ 50,000° K. However, at those temperatures helium influences system (2) through ne only, and the inclusion of these terms would change ne by at most 14 percent. Therefore, these terms were ignored.
Finally the contribution of hydrogen and helium to the opacity of the radiation emitted by the heavy elements is small.
c) The Energy-Balance Equation
The ionization-balance equations in (2) are coupled with the last equation which describes the evolution of the temperature with time. If only hydrogen is considered in the total density, this equation is (5) where A' is the cooling rate due to all radiation, x the ionized fraction of hydrogen, and /H is the ionization potential of hydrogen. This equation can be easily generalized to include helium. The dxjdt term which does not occur in steady state should be included whenever the recombination radiation is included in A', since they are of the same order of magnitude. Photoelectrons resulting from helium excitations and recombinations provide a heat source that persists after the initial ionizing flash (Jura and Dalgarno 1972) . These heat terms and time-dependent terms in helium-analogous to the dx/dt term in hydrogen-contribute at most 5 x 10-25 /n0 2 erg cm 3 s-1 at T ,..., 10 4 o K. It follows that helium may be included in the energy-balance equation only through n and ne without important loss of accuracy. When this is done, the energy-balance equation takes the form
where
Here f(v) is the Maxwellian distribution, (av) is the total recombination coefficient a<ll = a 1 , 1 and
where a 1 denotes the cross-section for recombination to the ground state. The term (C) was included when the gas was optically thick to the Lyman continuum. The sum
No.2, 1973 TIME-DEPENDENT RADIATIVE COOLING 437 of all the terms other than the A term, in the right-hand side of equation (6), is negative above "'20,000° K (collisions of electrons with H 0 atoms remove the highest-energy electrons; i.e., we have cooling), while below about 20,000° K recombination is the dominant term and their sum becomes positive (the lowest-energy electrons are removed first by recombination, and the mean energy increases). Note that the D term in equation (6) The heated medium cools predominantly by electron-impact excitations of H, He 0 , He+, and the heavy ions. At high temperatures (above 30,000° K) the predominant cooling occurs from electron-impact excitations of levels that radiate back to the ground term via allowed transitions (Tucker and Gould 1966; Cox and Tucker 1969; Cox and Daltabuit 1971) . I used the formula found in Cox and Tucker for this process. Values of the Gaunt factor were taken from Cox (1970) , while values of the oscillator strength and energy of transition were taken from Wiese et al. (1966) . I included 69 terms arising from the various levels of the ionic stages of He 0 , He+, C + -C + 5 , 0 +-0 + 7 , Ne +-Ne + 8 . Nitrogen was ignored because of its relatively low abundance; however, it should be included if solar abundances are used. The contribution of Mg, Si, and S to A is dominant only around 10 6 o K. I used power-law approximations to this contribution found in Cox and Tucker (1969) . The ions of Mg, Si, and S are expected to be close to their SS values due to their fast recombination.
The region also cools due to excitations of metastable and fine-structure levels of various heavy ions. At high temperatures ( > 10 4 o K) the excitation of the metastable levels is more important, while at lower temperatures ( < 10 4 o K) the excitation of fine-structure levels is more important. I included nine terms arising from forbidden and semiforbidden transitions in the following ions: c+, C+ 2 , Q+-Q+4, and Ne+ 2 -Ne+4. These terms are significant from 10 4 o ~ T ~ 5 x 10 4 o K, and the relevant parameters were taken from Jura and Dalgarno (1972) . The fine-structure terms are negligible for T > 10 4 o K.
The cooling due to collisional excitation of allowed levels in neutral hydrogen is important below about 30,000° K. The formula used for this cooling is due to Bottcher (cf. Jura 1971) .
Bremsstrahlung, radiative, and dielectronic recombination radiation make a negligible contribution to A below 10 6 o K.
d) Time Scales
In order to estimate circumstances under which departures from SS are important we define the following time scales:
a) The collisional ionization time for an ionic stage Z, z
The recombination time for an ionic stage Z, z tRZ,z = (az,zne)-1.
c) The cooling time
The region may be cooling by radiation alone or by some other process. MINAS KAFATOS Vol. 182 We are only concerned with what happens after the ions and electrons in the gas have reached a common "initial" temperature T 1 • This time is a few years for n 0 = 1 and 10 5 o ~ T ~ 10 6 o K.
If tc » (tR, t1) in the most abundant species, the gas is in steady state (SS) and equations (1) hold. This happens above ""10 6 o K for the elements of concern. are appreciably greater than tc. From then on the ion z recombines only by radiation to z -1. Since radiative recombination is relatively slow (compared to dielectronic recombination when the latter is maximum), it follows that as the temperature drops the higher stage of ionization will be overabundant compared to SS at the same T.
Departures from SS will be greater for the ions that recombine primarily by radiation for any T, namely, the helium-like ions C v, 0 VII, Ne IX, and the corresponding hydrogenic ions.
In the case of hydrogen the following situation holds: tc is always less than t RH and t1H > tc below ""20,000° K. But below 20,000° K the SS abundance of H 0 becomes important. It follows that the temperature drops to 10 4 o K before any appreciable recombination of hydrogen occurs. At T = 10 4 o K hydrogen is still mostly ionized (93 percent). Above 30,000° K any appreciable departure from SS in the abundance of H + quickly disappears due to the large collisional-ionization term. The SS value is reached within a time of the order of t 1 H.
We now turn to specific solutions of the time-dependent system (2). 3.5 X 10 10 3.46 X 10 10 5.8 X 10 10 9.7 X 10 10 2.5 X lOll 3 ............ 4.27 X 10 10 1.9 X 10 10 1.9 X 10 10 3.4 X 10 10 5.5 X 10 10 10 11 4 ............ 4.2 X 10 10 1.53 X 10 10 1.5 X 10 10 1.95 X 10 10 3.14 X 10 10 6.5 X 10 10 5 ............ 3.75 X lOll 2.66 X 10 10 2.76 X 10 10 3.88 X 10 10 4.5 X 10 10 5. Figure 1 shows the radiative energy loss P/n 0 2 (erg cm 3 s-1 ): curve A is the steadystate curve (cf. Cox and Tucker 1969) , while curve B the time-dependent curve found by the complete solution of equations (2). The initial ionic abundances for curve B are the same as for curve A (SS) at T = 10 6 o K. The peaks due to the ions of Ne, 0, C, and H in the SS curve are appreciably reduced (especially for hydrogen) in curve B because the most important cooling agents that give rise to each peak are underabundant at the temperature where their contribution to the cooling is maximum. Figure 2 shows the time derivative of the temperature in three different cases (all by solving system [2]): curve C is the SS, 10 6 o K case (see Introduction), curve B is the 100-e V case, while curve A is the 40-e V case; time-dependent cooling is not necessarily less than the SS cooling; curves A and B are higher than the SS dTfdt curve due to the initial conditions chosen; after some time, though, recombination takes its toll and they become less than the SS curve. Note that the system effectively loses all memory of the initial conditions below 20,000° K, as far as the cooling curve is concerned; however, individual line strengths are different in the three cases even at T = 10 4 o K. Curve A is the SS curve; curve B, the timedependent curve found by solving the complete system (2). Both curves have the same initial abundances, namely, the SS abundances at T = 10 6 o K. FIG. 2.-The time derivative of the temperature for three different cases. Curve A is the 40-eV photon burst case, curve B, the 100-eV photon burst case; curve Cis the case if the initial conditions are given by the SS theory at 10 6 o K. One should multiply by n0 to obtain dT/dt. Vol. 182 Time dependent cooling does not differ appreciably from SS cooling because neighboring stages of ionization have comparable line emissivities. Around the temperature at which an ionization stage z reaches its maximum, the derivative dnz,zfdt changes fastest, tending to make the z abundance go to its SS value, or at least one of the next stages z -1, z + 1.
a) Radiative Energy Loss
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b) The Ionic Abundances
In figures 3-6 the calculations for H, He, C, 0, and Ne are presented in the form nz,z/nz (the ionized fraction, where nz = Lan z nz.z) versus time. The abundances of C 0 , 0° are actually much smaller than shown, because C 0 is photoionized by starlight in the interstellar medium and 0° is depleted due to the fast reaction (Field and Steigman 1971) o+ + H 0 :±:;: 0° + H+. These effects only increase the abundances of C + and 0 + by about 20 and 10 percent, respectively, at 10 4 o K. In all these graphs the temperature Tis also shown. The initial conditions for all are given by the SS, 10 6 o K case (in these figures t, the time, has been shifted to show the most important results; i.e., the H, He results are shown for T < 3.3 x 10 5 o K and the rest for T < 8.5 x 10 5 o K). The higher ionization stages recombine to lower ones, and eventually (when T = 10 4 a K) only the lowest stages are abundant. However, we notice that the qualitative behavior of all ionic stages is not the same: the highest ones-C+ 5 and c+s, o+s and 0+ 7 , Ne+ 8 -decrease continuously, i.e., they always recombine to the next lowest stages, while the lowest stages-C 0 , C +, 0°, o+, Ne 0 , Ne +-increase continuously, i.e., the next highest stage always recombines to them;
.. 5 ). In the range T ::1: 3 X 10 5 ° K radiative recombination of o+a builds up the abundance of Q+ 5 • In the range 1.5 X 10 5 0 ~ T ~ 3 X 10 5 ° K dielectronic recombination rapidly depletes Q+ 5 • In the range 3 x 10 4 o K ~ T ~ 1.5 x 10 5 o K dielectronic recombination of Q+ 5 is no longer effective and again recombination of o+a increases Q+ 5 • Finally, for T ~ 3 X 10 4 ° K, o+a is depleted and Q+ 5 recombines radiatively.
Figures 7 and 8 give n 8 ,z/n 8 (the relative oxygen-ion population) versus the temperature; in the same figures (dashed curves) (na,z/n8)ss (the SS relative ion population) is shown. It is immediately obvious that due to the effects mentioned in § lid high ionic stages persist at lower temperatures where, according to SS theory, they should be nonexistent. Figures 7-8 have the same initial ionic abundances as figures 3-6.
In table 2 we present results obtained for two cases: in Case I the region is thin to the hydrogen Lyman continuum until T "' 35,000° K, then thick to this continuum; and in Case II the region is thin to the hydrogen Lyman continuum at all times. Calculations were also made assuming the region is thick to the Lyman continuum at all times, and the results obtained are very similar to those of Case I.
Departures from the SS abundances can be observed only if the particular ion in question has observable lines at temperatures where this departure is appreciable. This is best done for the ions that have forbidden lines. A characteristic of the timedependent treatment is that at a given T the radiation from the cooling region is harder than the corresponding radiation under SS conditions. 
c) Line Intensities
In this section we present results of the hydrogen-line emissivities (La, Ha) as well as the strongest forbidden-line emissivities of a region cooling by radiation. Results are presented in the three cases (SS, 10 6 o K; 100 eV; 40 eV), although the results for hydrogen are not sensitive to the initial conditions. Results are again given in (volume emissivity)/n 0 2 • First consider the volume emissivity of La. For collisional excitation the rate of population of a level of quantum number n diminishes rapidly as n increases (Kaplan and Pikel'ner 1971) . If the nebula is thick to the Lyman continuum, it is very thick to the Lyman lines (Seaton 1960 ) and all the Lyman lines are degraded to La; one may therefore assume that only La is emitted by the cooling region (Zanstra 1927). Most of the La quanta escape, and in any case the propagation of La radiation through the ionized region does not affect its thermal balance.
The La volume emissivity is therefore (7) where the first term is due to the collisional excitation of the n = 2 level from the ground state (the excitation of higher levels does not contribute appreciably to the emission rate), ELa is the energy of the 2 ~ 1 transition, and PLa(Recomb) is the rate NoTE.-In Case I the gas is assumed to be thin to all radiation until T ~ 35,000° K; then it is thick to the Lyman continuum. In Case II the gas is thin to all radiation at all times. The initial abundances are the appropriate ones for a 40-e V burst and T = 10 5 o K.
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of emission of La as a result of recombinations. When the nebula is thick to the continuum, PLa(Recomb) = a< 2 >nenH+. Note that the emission rate for all Balmer quanta (including continuum) is equal to the emission rate for La quanta. The first term in equation (7) was calculated from the Bottcher formula in Jura (1971) . Figure 9 gives the La emissivity as a function ofT (40-eV case); the line labeled "coli. (time depend.)" is the first term of equation (7) while the one labeled "recombin." is the second term of equation (7). In the same figure the full curve is the sum of the above two curves ( eq. [7] ). Also the dashed curve labeled" coli. (SS)" is the volume emissivity of La when steady state holds. Note that the line emissivity in the time-dependent case never reaches the high peak of the SS curve; this is because the abundance of H 0 is less in the time-dependent case than in the SS case (slow recombination). In fact, at 18,000° K (peak of SS curve) the ratio of the time dependent to the SS emissivity is less than / 0 ; moreover, the time-dependent peak is reached at higher temperature (40,000° K). Note that at low temperatures (T ~ 14,000° K) the second term in equation (7) becomes dominant; i.e., the n = 2 level is mostly populated by recombinations. Below 13,000° K the SS emissivity becomes less than the time-dependent emissivity, the latter decreasing much more slowly than the first due to the presence of the second term in equation (7).
We are next interested in the volume emissivity of Ha:
The first term is due to the collisional excitation of all levels that give rise to the emission of a Balmer-a photon: therefore, the expression (vo)err denotes an effective rate for the emission of an Ha photon; it can be found in the results of Parker (1964) . The second term in equation (8) gives the emission rate of an Ha photon resulting by recombinations to all levels that subsequently cascade down to the n = 3 level as well as the emission rate resulting by direct recombinations to n = 3 (Seaton 1960) .
.::--23
., Figure 10 gives the volume emissivity of Ha as a function ofT ( 40-e V case). The full curve labeled "total" gives the emissivity in the time-dependent case as given by equation (8), while the dashed curve labeled "coiL (SS)" gives the Ha emissivity when SS holds (from Parker 1964), both for case B of Baker and Menzel (1938) .
The Ha emissivity is again less than the SS emissivity but not as much as with La, due to the fact that the second term in equation (8) is relatively more important than the corresponding term in the La emissivity. Below 20,000° K, PHIZ is the same as the emissivity due to a radiatively excited nebula because PHIZ(Recomb) is the only important term. At high temperatures(~ 40,000° K) PHIZ is the same as the emissivity in steady state, as is the case with La. As the temperature decreases, the hydrogen-line emissivities approach the emissivities of a radiatively excited nebula (cf. Burgess 1958), since at low temperatures the nebula is still mostly ionized, while the collisional excitation becomes negligible. We note that the Balmer decrement is not as steep as for nebulae that are collisionally excited; for T > 4 x 10 4 o K the Balmer decrement is the collisional one which is approaching the Balmer decrement of a radiatively excited nebula as Tincreases (Baker and Menzell938) . ForT< 20,000° K the cooling region has a Balmer decrement like a radiatively excited nebula. In between (20,000 < T < 40,000° K) the Balmer decrement is not as steep as for a collisionally excited nebula (the SS case), but it is steeper than for a radiatively excited one. We conclude that radiatively cooling regions have a Balmer decrement not as steep as expected for a collisionally excited nebula (see also Cox 1972 Table 3 gives the ratio of the intensity of the [0 11] line to that of the [0 m] line. These calculations suggest the interesting possibility of using optical and ultraviolet line observations in addition to some independent temperature determination (e.g., through radio observations) to deduce the initial conditions of the cooling region. In certain cases the mere observation of a line can exclude a model; for instance, the observation of the [Ne IV] line would exclude the 40-e V burst.
Note that in diffuse emission nebulae-ionized by ultraviolet starlight-the forbidden lines of oxygen are very often strong, but rarely as strong or stronger than Ho:. This is due to the fact that relatively low temperatures (5800°-7300° K) exist in those regions and the exponential factors in the forbidden-line emissivities drop fast as T decreases below 10 4 o K (see Pottasch 1965) . There is, however, another important effect which occurs only for the regions examined here. Below about 50,000° K (cf. recombination. In H II regions ionized by starlight below 10 4 o K, or in collisionally excited nebulae above 10 4 o K, one of the two lines usually dominates, because the abundances of 0 + and 0 + + are rarely comparable to each other at a given T.
We conclude that radiatively cooling regions are observable better in the forbidden lines than in the Balmer lines of hydrogen. Their spectrum is very different from that of a conventional diffuse emission nebula or a planetary nebula-i.e., radiatively excited nebulae-since Ha: and H.S are of negligible intensity compared to some forbidden lines of heavy elements. On the other hand, the Balmer decrement of a radiatively cooling region is not as steep as that of a collisionally excited nebula, and at low temperatures it is equal to the decrement of a radiatively excited nebula.
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